Support vector classifiers: a first look
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Abstract

To find a decision boundary in a two-class classification problem, one often tries to find the class
probability densities first, before constructing the decision boundary. In support vectors classifiers
the input vectors are mapped to a high dimensional feature space and are then separated by the
optimal linear hyperplane. Because in this method no probability density is computed, it becomes
highly insensitive to the “curse of dimensionality”. In this paper we will show some advantages and
drawbacks of these support vector classifiers. In our opinion, the support vector classifier is a very
promising new classification technique, with a potential for broad application.

1 Introduction

When confronted with a classification problem,
one often would like to use as much features
as possible to improve the classification result.
However, most classifiers suffer from what is
called the small sample size effect or peaking
effect. That is, there is a certain optimal num-
ber of features beyond which performance will
only degrade. The reason for this is, that as the
dimensionality of the feature space grows, esti-
mating densities of the data becomes harder and
harder for a finite number of samples. Only for
an infinite number of training samples the error
will approach the Bayes error, the minimal er-
ror that can be reached. Within certain limits,
this error behaviour holds as a function of the
classifier complexity too (see figure 1).

Vapnik [Vap95] argued that when a problem
has to be solved, one has to try to avoid solv-
ing a more general problem as an intermediate
step. When a classification boundary between
two classes has to be found, the computation of
a probability density has to be avoided.

In line with this idea, in 1965 Vapnik [Vap82]
proposed a method of finding a hyperplane op-
timally dividing two classes, which does not de-
pend on a probability estimation. This optimal
hyperplane is a linear decision boundary which
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Figure 1: The peaking effect.

separates the two classes and leaves the largest
margin between the vectors of the two classes
(see fig. 2). It was observed that the optimal
hyperplane is determined by only a small frac-
tion of the data points, the so-called support vec-
tors. Furthermore, it was shown that the prob-
ability of making an error depends only on the
number of these support vectors (and therefore
the complexity of the classifier) and the num-
ber of training vectors. In this procedure the
dimensionality of the feature space is of no im-



portance, so it becomes highly insensitive to the
peaking effect. This method was, however, only
fit for separable classes.

To find a non-linear classifier, it is possible
to transform the vectors in input space to some
high-dimensional feature space. For example,
when classifying digit images (16x 16 pixels) us-
ing a polynomial classifier of degree d, the fea-
ture space is 256-dimensional. By this mapping
the simple linear classifier transforms into some
non-linear decision surface. This allows for more
difficult problems to be solved and increases
the feature space dimensionality, but hardly in-
fluences the classifier complexity. Boser et al.
[BV92] showed that it is possible to transform
the input without much extra cost for comput-
ing the optimal hyperplane in feature space.

In 1995 Cortes and Vapnik [CV95] extended
this method for the case of non-separable
classes, so this support vector classifier (SVC)
became a general tool for solving classification
problems.

We believe that the SVC may be one of the
most important proposals of the last years. This
paper intends to discuss the SVC and its im-
plementation (section 2), some experiments we
performed with it (section 3), problems we en-
countered during the implementation (section 4)
and finally, some ideas regarding future research
into this classifier (section 5).

In this paper, we refer mostly to the paper by
Cortes and Vapnik [CV95], except where indi-
cated.

2 Support vector classifiers

2.1 The optimal hyperplane

The optimal hyperplane is defined to be a plane
separating two separable classes in such a way
that its margin is as wide as possible. All vectors
have to lie either on or outside of the margin
(fig. 2). The discrimination function is then
defined in such a way that for vectors lying on
the margin on one side its output is -1 or smaller,
for vectors on the other side 1 or greater.

If we denote the training vectors by x;, i =
1,...,1 with corresponding labels y; € {-1,1}
then this translates to
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Figure 2: An optimal hyperplane. Support

vectors are indicated by an o.
in which w, can be written as

l
W, = § ao,- YiX;
i=1

with a,, > 0. The discrimination function for a
certain vector z is therefore written as

3)

l
f(z) = ZaOiyi(z-Xi)+bo (4)

In fact, since only the support vectors con-
tribute to the optimal hyperplane, most a,, will
be zero. Support vectors are those vectors for
which the equality in eqn. 1 holds.

It can be shown (see [CV95]) that to find the
optimal set of weights a,, , the following expres-
sion has to be maximized:

1
W(A) = AT1- §ATDA (5)
w.r.t. A= (aq,....,q;), subject to constraints:
A >0 (6)
YA = 0 (7)

In eqn. 5, D is a matrix containing dot prod-
ucts of the training vectors, multiplied by their
labels:

D (8)

Equation 5 is a quadratic programming prob-
lem with linear constraints, which can be solved
using more or less standard algorithms.

i = Yy (X - x;5)



2.2 The soft margin hyperplane

The concept of the optimal hyperplane devel-
oped in the previous section is only fit for the
separable case. To make it a generally appli-
cable tool, it should be able to handle cases in
which the classes overlap.

For this purpose, eqn. 1 is adapted to allow
for errors:

yi(Wo - Xi + bo) 51 (9)
& (10)

and the following function can be minimized:
sw?+ CF(Li, &) (11)

Note that, for very small o, the sum of £ counts
the number of errors. However, the smallest
value of ¢ for which the quadratic programming
problem still has a unique solution is 1. Also,
the choice of F is still free. The only demand
on the function F is that it is a convex func-
tion with F(0) = 0. In [CV95], F(u) = u?
is chosen to simplify calculations. In fact, for
F(u) = F'(u?) with d > 2 the quadratic pro-
gramming problem becomes a convex problem
and can be less easily solved.

The quadratic programming problem (eqn. 5)
now becomes a dual one:

1—&, i=1,..

>
> 0,i=1,..,1

WA,5) = AT1- % [ATDA + g] (12)

wrt. A = (aq,....,a;) and §, subject to con-

straints:
0 < A < 41 (13)
Y'A = 0 (14)
This can be rewritten as:
L A
A = (6 (15)
vy - a7(3)-
11,,7( D 0 ,
(o 1)+ 09
subject to constraints:
-I 1 ,
(OT 1 )A > 0 (17)
(YT o)A =0 (18)

where I is an [ x [ identity matrix.

The only remaining parameter now is C,
which controls the trade-off between the com-
plexity of the decision function on the one hand
(since it forms an upper bound on the value of
the @;) and number of errors on the other hand.

2.3 Dot products in feature space

As was stated in section 1, normally a non-linear
decision surface is obtained by transforming the
input vectors to a (high-dimensional) feature
space and calculating a classifier in that space.
It was also shown that this can be problematic,
since these feature spaces can have quite large
dimensionalities.

However, it can be shown [CV95] that, since
the SVC’s discrimination function is based on
dot products of vectors and support vectors only
and linear in the support vectors, there is no
need to actually transform the input vectors to
feature vectors before taking the dot product.
Instead, the dot product of two vectors can be
performed in input space after which the trans-
formation can be applied to the resulting scalar.

Furthermore, the dot product can be replaced
by a generalized dot product K(x,y): any func-
tion satisfying Mercer’s theorem (see [CV95]).

The only equations that change are eqn. 8,
which becomes

Di; = vy K(xi,x;) (19)

and the discrimination function f(z) (eqn. 4):

l
f(z) = Zaol-yiK(z,xiHbo (20)

In this way, arbitrarily complex decision sur-
faces can be calculated. Some examples are:

e A polynomial classifier of degree d:

K(z,x;) = (z-x;+1)% (21)
e A radial basis function neural network with
kernel width o, of which the necessary num-
ber of kernels and their positions are found

by the algorithm:
2
) @)

|z — x;]
e

e A 2-layer feedforward neural network! of
which the number of hidden units and all
weights are determined by the algorithm:

tanh(cy (z - x;) + ¢2)(23)

K(Z,Xz’) =

K(Z,X,‘) =

For each of these functions, some parameters
have to be chosen in advance (e.g., the degree
d).

I This function is a valid general dot product function
only for certain (unspecified) values of ¢ and ca.
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Figure 3: The decision boundary using a poly-
nomial dot product of degree two.

Figure 4: The decision boundary using a poly-
nomial inproduct of degree three.
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Figure 5: The number of support vectors on
a two-digit problem (distinguish be-
tween 3 and 8).

3 Experiments

In this section some small artificial classification
problems (which can be visualized) and a real-
life problem will be treated. We implemented
the soft margin hyperplane algorithm in Matlab,
using QLD (see section 7) to solve the quadratic
programming problem (eqn. 16-18).

3.1 Two dimensional problems

In figure 2 a polynomial of degree one (i.e., a
linear function) is used to discriminate between
two classes. These classes are separable and the
margins are as wide as possible. Note that in
this case all support vectors are on the lines
Yi(Wox; +b,) = 1.

In figures 3 and 4 polynomials of degree 2 and
3 were used. The data in these figures cannot be
separated without errors. The support vectors
were now not only on the borders of the class,
but the data points which were classified wrong
also become support vectors. In figure 4 the
strength of support vectors becomes apparent.
With only 18 support vectors, the two classes
could be separated with only two errors.

3.2 Handwritten digit recognition

In table 1 the performance of an SVC is shown
on a digit recognition problem. In this prob-
lem, 16 x 16 pixel images of handwritten digits
3 and 8 have to be separated (see [RHD96]).
We trained several SVC’s using training sets
of different sizes, as well as a k-nearest neigh-
bour classifier (for which the optimal k was
chosen using cross-validation), a shared weights
neural network, the LeNotre architecture (see
[RHD96]) and a standard feed-forward neural
network with one hidden layer. Classification
performance was measured on a test set con-
taining 1000 digits per class.

It can be observed that the performance does
not deteriorate with increasing degree of the
polynomial (and thus the dimensionality of the
feature space). This indicates that using more
features does not degrade the performance of the
SVC. Note also that the SVC (with degree larger
than one) outperforms all other classifiers. This
is even more impressive when one realizes that
the SVC does not include any a priori knowl-
edge, such as shift-invariant feature detection,
like the LeNotre network.



Train size SVC with polynomial of degree k-NN | LeNotre | 256:256:2

1 2 3 4 5 6 ANN

10 || 6.50 6.95 7.35 820 9.25 10.40 9.65 11.00 8.70

25| 6.45 535 535 545 570 6.25 8.80 10.30 8.00

50 | 3.90 3.35 3.30 3.60 4.70 5.60 5.50 6.90 4.15

100 || 3.10 2.00 1.70 1.85 2.10 2.20 3.90 5.00 3.30

250 || 3.10 1.75 1.65 1.65 155 1.95 2.25 3.15 2.90

500 || 3.00 1.20 1.05 0.95 1.00 1.05 1.55 2.40 2.65

1000 || 295 0.75 0.80 0.70 0.70 0.60 1.30 2.25 2.25
Table 1: The performance, in % error on an independent test set, on a two digit

problem (distinguish between 3 and 8). The influence of the degree of the

polynomial on the performance.

Also, the computation time requirements of
the algorithm are fair. The training time is
somewhat longer than LeNotre, but shorter
than the standard neural network. The time
required for classifying is much lower however,
since it only depends on the (low) number of
support vectors.

In figure 5 the number of support vectors for
different degree of polynomial dot product is
shown. Although the number of free parameters
explodes with increasing degree (e.g., the num-
ber of features of a 6" degree polynomial of a
256-dimensional input vector is about 4 - 10!,
while the first degree polynomial results in just
256 features), the number of support vectors
grows only with a factor of about 6.

4 Some caveats

Although in the SVC the number of the support
vectors and their coefficients are obtained auto-
matically, some parameters still have to be cho-
sen beforehand. These are the dimensionality of
the feature space (by the choice of the type of
mapping to this feature space) and the parame-
ter C' (see eqn. 16) which indicates how severely
errors have to be punished. These choices highly
influence how well the SVC can classify the data
and how well it generalizes. When the dimen-
sionality of the feature space is too low, the data
may not be separable by a linear hyperplane;
when errors are punished too much, the SVC
can overfit the training data.

Fortunately, in our experiments the SVC did
not seem to suffer too much from overfitting
problems due to a too high dimensional feature
space. Because the training time does not de-
pend on the dimensionality of the feature space

(only on the input space, which is fixed), choos-
ing a high dimensional feature space is a good
idea.

The second problem is that the maximization
procedure requires that D (eqn. 12) is positive
semi-definite. When this is not the case, we use
D' = D + €I, with £ chosen as small as possi-
ble to avoid changing the problem too much, to
make D' positive semi-definite. In most cases
€ can stay as small as 1072, but in hard real-
life problems with mappings to high dimensional
feature spaces, € can become too large. In these
cases the problem is changed too much and can-
not be solved in this way.

A third problem is that the divide-and-
conquer technique proposed by Vapnik does not
work for classification problems with large over-
lap. Vapnik argues that a large classification
problem (i.e., with a large number of training
points) can be divided in several smaller prob-
lems and solved incrementally. The training
data is divided in small batches and the support
vectors for the first training portion are calcu-
lated. These support vectors are added to the
second batch and from this new portion new
support vectors are obtained. This process is
continued untill the whole dataset is covered.

This method works in case of separable data,
where a data point which is no support vector
in one batch can never become a support vec-
tor for the complete problem. In the case of
non-separable data a batch can be a very bad
representation of the data. Then a bad hyper-
plane is found and data points will be thrown
away which are in fact support vectors for the
complete problem. Since the memory space re-
quirement of the algorithm is quadratic in the
number of data points, this limits the size of the
classification problems which can be solved.



5 Outlook

The SVC can be extended in a very interesting
way. The equations in section 2 show that the
dot product K(x,y) can be replaced by some
similarity measure S(x,y). The only demand
on such a measure S would be that it would give
us a symmetric, positive semi-definite matrix D.
In that case the S(x,y) does not have to be a
mapping from input space to feature space, but
can be freely chosen to obtain an optimal clas-
sification performance. For example, one could
use some non-linear measurement of the differ-
ence between two images, or - in cases where no
hard measure can be defined - export opinions
on the differences between samples. This would
result in a feature-less classification technique:
no features are used, only similarities or dissim-
ilarities between samples.

Furthermore it is possible to incorporate prior
knowledge of the problem. A well-known tech-
nique to obtain transformation invariance is to
extend the training data by artificial data which
is obtained from the original data by apply-
ing the desired transformation. Scholkopf et al.
[SBV96] showed that transforming not all train-
ing data, but only the support vectors, gives the
same result, thereby avoiding a large increase of
the size of the training set.

6 Conclusion

We have shown the strengths and some weak-
nesses of the support vector classifiers. The
SVC generalizes very well and because it does
not have to estimate a probability density, it
becomes highly insensitive to the “curse of di-
mensionality”. The SVC is also very versatile;
the procedure allows a free choice for the trans-
formation to the high dimensional feature space
by choosing K (x,y).

Still, some drawbacks remain: some parame-
ters have to be chosen beforehand (C, the error
weighing function F, the dot product function)
and in the case of overlapping classes, the clas-
sification can be limited in practice by the size
of the problem.

Especially the choices of the dot product func-
tion K (x,y) and the constant C' are important.
The SVC will always try to minimize the num-
ber of errors it makes on the training set, but
may adapt the classifier too much to the actual
training data. K(x,y) determines how much
freedom (i.e., dimensions) the SVC has to adapt

itself; the parameter C' controls in how far the
discrimination function is adapted to avoid any
error. Therefore, the SVC still does not solve
the problem of finding an optimally generaliz-
ing classifier, given a certain dataset.
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